The Raman cross-section from a molecule is believed to enhance by more than 10 orders of magnitude when it is adsorbed on a cluster of silver nanoparticles. These large enhancements are attributed to the resonant excitation of the surface plasmon modes of the cluster those have very large localized electric field near its surface. The resonant position and the electric field of these modes are very sensitive to the structure of metal particles and the size and shape of the cluster. Using multiple scattering in the wave-vector space between the individual particles in the cluster we have calculated the resonant position of these modes and their enhanced electric field for clusters of different shape formed from two, three, and four nanospheres and nanoshells. We find the maximum enhancement in the cross-section can reach up to 10 orders of magnitude for silver particle clusters. We also find important new results for the chain like clusters of three or more particles where there is a dramatic increase in the enhancement due to very sharp resonant features of the modes. These features may be helpful in identifying the cluster shape and size in the surface enhanced Raman scattering experiments.
INTRODUCTION
In surface enhanced Raman spectroscopy, the Raman cross section of a molecule increases up to 6 orders of magnitude when the molecule is adsorbed on a rough metal (Ag, Au, Cu etc) surface or on a metal nanoparticle. [1] [2] [3] [4] [5] [6] This increase in the cross section is generally believed due to the resonant excitation of the surface plasmon modes of the metal. [5] [6] [7] [8] These localized modes have very large electric field near the metal surface. Therefore the molecule lying close to the metal surface experiences an enhanced electromagnetic (em) interaction that results in an increase in the Raman cross section. There may be some additional contribution to this enhancement due to the shift and/or broadening of the electronic levels of the molecule due to its interaction with the metal (chemisorptions effects). 4, 5, 8, 9 Since Raman scattering is a second order process in the em interaction, its cross section is usually very small (~ 10 -30 cm 2 /molecule) compared with that of fluorescence (~10 -15 cm 2 /molecule) that is first order in em interaction. 10 Therefore, most of the Raman experiments are carried out from bulk samples where large molecule number density ( ~10 23 molecules/cm 3 ) gives rise to a reasonable Raman signal. However, because of the 10 6 enhancement in the cross section in the presence of metal, one can now easily detect Raman signal from even mono layers ( ~10 16 molecules/cm 2 ) of molecules deposited on metal surfaces. In the last 20 years or so, SERS has thus become a standard tool to study mono layers and small traces of chemicals. 11 In recent experiments from extremely low concentration (~pico molar) of rhodamine (R6G) dye molecules, however, it is found that SERS signal is almost of same strength as fluorescence signal when rhodamine molecules are adsorbed on silver nanoparticle clusters. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] The rough estimate indicates that such a large Raman signal is possibly only if the Raman cross section per molecule enhances by almost 12 -14 orders of magnitude. Such an enormous enhancement in the SERS cross section has created a huge interest in this field in the last few years . This is because, now it is possible to detect a Raman signal even from a single molecule. [24] [25] [26] [27] [28] [29] [30] In fact, there are already some attempts to make single molecule Raman detector. 29 Raman spectroscopy is always preferred over the fluorescence because of its sharp features and Raman signal is a finger print of the molecule structure. However, the very low cross section makes Raman spectroscopy difficult to use for the detection of single or small traces of the chemicals.
The electron microscope pictures of the substrates used in SERS experiments on R6G molecules show that not all nanoparticle clusters give rise to such large enhancements. Only a few clusters where an R6G molecule is trapped in between the Ag nanoparticles forming a cluster (called hot spots) are found to give such large enhancements. Therefore, to make SERS a viable detection technique for a single bio or other molecule or for very small traces of the chemicals, one needs to understand the origin of such a large enhancement in the cross section. One also needs to understand what kind of clusters and the position of the molecule will give rise to such large enhancement. In this way, one can engineer those kinds of clusters with maximum enhancement for the ready use for detection purposes.
SERS enhancement can be easily calculated in case of a single metal nanoparticle as exact solutions of Maxwell equations for a dielectric sphere are well known. 41 In a recent paper, 40 we have developed a theory for SERS from a molecule adsorbed on a single cluster of metal nanoparticles. The electric field near the surface of the cluster is obtained using the scattering T matrix approach in the Fourier wave vector space. The scattering matrix for the cluster is calculated within the framework of the multiple scattering of the em wave between the spherical particles forming the cluster. [42] [43] [44] The localized surface modes of the cluster essentially correspond to the poles of the T matrix. Similar calculations have been carried out for a two particle cluster in Ref. (39) where T matrix is calculated in the real space. However, the complicated coordinate transformations 45, 46 for the vector spherical harmonics in the real space make these calculations difficult to extend to different size and shape of the cluster. In our case, we have used Fourier wave vector space to avoid these transformations. The localized surface modes of the two particle cluster have also been derived in Refs (47) - (51) but mostly within the dipole approximation. The large SERS enhancement is essentially due to three factors: (i) the resonant excitation of these local modes. The resonant positions of these modes depend on the size and shape of the cluster. (ii) The probability of the excitation of these modes by the incident photon that depends on the polarization and wavelength of the photon. (iii) The spatial distribution of the near field amplitude (electric field) of these modes across the surface of the cluster.
In Section 2, following Ref. (40), we summarize the theory of multiple scattering of em waves between the spherical particles forming the cluster to calculate the scattering T matrix. We then find the total field, including the scattered field by the cluster near its surface. The expression for SERS enhancement is also derived. In Section 3, we give numerical results for the SERS enhancement for different size of the silver nanoparticle clusters. We have considered clusters of 2, 3, and 4 particles forming a chain like nanostructure. The maximum enhancement is found to be up to 10 orders of magnitude. We have also considered clusters of nanoshells those contain a dielectric core over-coated with a thin metal shell. In addition to the wavelength dependent dielectric function of the metal shell, the optical scattering properties of nanoshells depend also on the core dielectric constant, core sphere radius and shell thickness. Therefore, one has more controlling parameters in case of nanoshell clusters to tune for the maximum SERS enhancement and in the right wavelength region. [31] [32] [33] We conclude these results in Section 4.
T-MATRIX FORMULISM IN THE FRAMEWORK OF MULTIPLE SCATTERING .
We consider a single cluster of an arbitrary number of dielectric spherical particles with same or different radii embedded in a host medium of dielectric constant ε 0 . These particles may be touching each other but do not overlap. Furthermore these particles may be pure metallic spheres or nanoshells where a dielectric sphere is over-coated with thin metal shell. In the presence of incident em field, the total electric field ( , ) 5) and from Eq. (2.3) 
.
(2.8)
is the host Green's function. Since solutions of Maxwell equations for a single dielectric sphere are well known in spherical polar coordinates, one can easily derive the expression for a single sphere t-matrix using the vector spherical harmonics as 40, 52-54 13) where the scalar function ( | ' ' ' ) Q lm l m σα σ β satisfies the following scalar matrix equation 14) and the matrix B is given as
The angular integration in Eq. (2.15) can be carried out by expanding the exponential function in terms of spherical Henkel functions and spherical harmonics and then using the addition theorem for the spherical harmonics. 40 The solution of Eq. (2.14) can then be written in the matrix notation as One can now determine the enhancement factor in the electric field intensity in the presence of the cluster compared to the intensity at the same point in the host medium as
NUMERICAL RESULTS FOR SERS ENHANCEMENT
We now give numerical results for the enhancement in the Raman cross section from a molecule in the presence of a cluster. In the Raman scattering, the molecule interacts with the total electric field ( , )
E r ω r r that includes both the incident and (elastic) scattered field from the cluster. This has been calculated in the previous section in the framework of multiple scattering approach. This field may become quite large near the cluster due to the resonant excitations of the localized surface modes of the cluster. The enhancement in the field intensity near the cluster is given by Eq. One should note that there are three factors contributing to the SERS enhancement: (i) The resonant excitation of the localized modes of the cluster. In our theory, these modes correspond to the poles of the scattering T-matrix. Those are also the poles of the matrix Q (see Eqs. (2.13) and (2.16)). The resonant position of these modes depends on the size and shape of the cluster. (ii) The probability of the excitation of these modes by the incident (scattered) photon. This may depend, for example, on the polarization and wavelength of the photon and all these modes may not be optically active. (iii) The spatial distribution of the near field amplitude (electric field) of the localized mode across the surface of the nanoparticle cluster. The electric field of these modes is highly localized. Therefore, large enhancements are possible only if the molecule lies very close to the cluster. We now discuss clusters of nano silver particles and nanoshells.
Silver nanoparticle clusters
We have considered clusters of silver nanoparticles. The dielectric constant of silver is taken from the work of Johnson and Christy. 56, 57 The host dielectric constant ε 0 = 1. We have considered clusters made of two, three, and four spherical particles. In our calculations of the scattered field from Eqs. (2.17) and (2.18), the scattering T matrix or the scalar function Q depends only on the structure of the cluster and is independent of the position of the molecule (see Therefore, only this term contributes in the summation in Eq. (2.19) . This reduces the computational time considerably without any approximation. In the calculations of B matrix appearing in Eq. (2.15), however, it is independent of the origin. 
In Fig. (2) , we consider a cluster of two silver spheres each of radius 20 nm. The polarization direction of the incident and scattered wave is taken along the dimer axis. The enhancement (in log scale) calculated from Eqs. (3.1) and (2.14) is plotted as a function of the incident photon wavelength. We have calculated the enhancement at 5 different positions of the molecule as shown in the inset of Fig. (2) . The molecule size is taken as 1 nm roughly the size of the R6G molecule. The large enhancements up to 10 orders of magnitude are obtained when the molecule is trapped in between the two particles (junction) forming the cluster or very close to the junction (see Figs. (2a) and (2b) ). The enhancement is rather small at other positions of the molecule (Figs. (2c) and (2e) ). The broad peaks in the enhancement (for example, at 435 nm and 370 nm in Fig. (2a) correspond to the localized modes of the dimer. In the dipole approximation, there is only one mode around 400 nm corresponding to the dipoles oscillating parallel to the dimer axis that is optically active in this case. However, when higher partial waves are included in our theory, we find this mode moves towards longer wave length and other peaks due to higher partial waves appear. The electric field of these surface modes is highly localized within a few nm of the junction. For example, the enhancement decreases rapidly even when the molecule moves about 10 nm away from the junction (Fig. (2c) ).
In Fig. (3) , we consider clusters of 3 and 4 silver nanoparticles in the shape of a linear chain. The molecule of 1 nm size is at 5 nm from the junction. The polarization of the incident and scattered photon is along the chain. We find the maximum enhancement up to 10 orders of magnitude. Similar results for the case of dimer are also given for comparison. In all these cases, the peak at longer wavelength has dominant contribution from 1 l = partial wave with some effects of higher partial waves. We find this peak shifts towards a longer wavelength as one goes from two to three to four particle chain. In case of four particle chain this peak is rather broad. This is because silver has large imaginary part of the dielectric function in this wavelength range that smears out any peak structure. Again as in case of dimer, maximum enhancement is obtained only when molecule is trapped or lies very close to either of the junctions in 3 or 4 particle chain. Elsewhere the enhancement is very small. This is consistent with the recent SERS experiments on R6G molecule adsorbed on Ag nanoparticle clusters where large enhancements are observed only from a few clusters (hot sites). In these experiments, R6G solution is added to Ag colloidal solution along with a small amount of NaCl or KCl which helps Ag particles to coagulate to form 
clusters with R6G molecule being trapped in between. This is similar to the case of Fig. (2a) . Large enhancements are also found from prefabricated clusters in Refs. (21) and (22) where R6G solution is added afterwards. In this case, hot sites may correspond to when R6G molecule lies very close to the junction as in Fig. (2b) or Fig. (3) 
Silver nanoshell clusters
We now consider clusters made of nanoshells. These are dielectric nanoparticles (for example, of silica) coated with thin metal shells. The optical properties of the metal nanoparticles depend only on the size of the particles other than its wavelength dependent dielectric function. Therefore, only controlling factor is its size. However, in case of nanoshell, optical properties depend on the core dielectric constant, its radius and the thickness of the over-coated metal shell. Thus one has various parameters to tune the right nanoshell cluster to obtain the maximum enhancement and in the right wavelength region. In addition, the small metal shell thickness may also reduce the absorption effects of the em field within the metal. For the calculations of the scattered field, one can use the same results as derived in Section 2 except now one has to use the Mie scattering coefficients kl c σ for the spherical shell. The expressions for these coefficients can be easily derived from the Maxwell equations by matching the boundary conditions at the two surfaces of the shell. For electric mode ( 1 σ = ) that has main contribution to the scattered field near the shell surface, these are given as
where Det(N) and Det(D) are the determinants of the (4x4) N and D matrices: 
The matrix N is same as matrix D except In Fig. 4 , we have given the SERS enhancement from a single nanoshell of shell radius 70 nm and core radius of 60 nm, 50 nm, and 40 nm. The dielectric constant of the core is taken as 2.5 that correspond to silica. The results for pure silver nanoparticle of radius 70 nm are also given for comparison. The SERS enhancement for a single sphere or for a single nanoshell is essentially given by the resonant excitation of the corresponding Mie modes. Also the enhancement has very little dependence on the position of the molecule with respect to the polarization of the incident (scattered) photon. For example, the peak around 360 nm in Fig. (4a) for Ag nanoparticle corresponds to Mie mode for 1 l = partial wave. For nanoshell of core radius 40 nm, this peak moves to 390 nm. In general we find the Mie modes of the spherical shell move towards longer wave length compared to those of spherical metal particle. This red shift increases with the increase of core radius. As a result, we now have other enhancement peaks in the wave length region shown here due to the excitation of Mie modes corresponding to the higher partial waves. The enhancement is also some what higher in the longer wavelength region in case of nanoshells. (5) and (6), we consider chain-like clusters of two, three and four nanoshells of each core and shell radii of 50 and 70 nm, respectively. The core dielectric constant is 2.5 and outer shell is of silver. The polarization direction of incident and scattered photon is along the chain as shown by double arrow. In Fig. (5) , we give enhancement at three different locations of the molecule adsorbed on a nanoshell dimer as shown in the inset. The results for silver nanoparticle dimer of sphere radius 70 nm are also given for comparison. Again we find the maximum enhancement up to 8 orders of magnitude when molecule is very close to the junction. At other positions of the molecule, enhancement is very small. The enhancement is in a broad wavelength range and then falls rapidly around 450 nm. The red-shift of the enhancement in Fig. (5) compared with that in Fig. (2) is partially due to the large particle radius. It is well known that Mie modes shift towards longer wavelength with the increase in the particle size. Furthermore, dielectric core in case of nanoshell also contributes to this red-shift (see Figs. (5a) and (5b) ). The small decrease in the enhancement and absence of any sharp features are due to large imaginary part of the dielectric function of silver in this wavelength region. Similar enhancements up to 8 orders of magnitude are obtained in case of three and four nanoshell clusters in Fig (6) . However, we find sharp features in case of 3 and 4 nanoshell chains due to interference effects. These features become sharper and move towards longer wavelength as we go from 3 to 4 nanoshell chains. 
CONCUSIONS
In summary, our T matrix theory based on the multiple scattering approach of the em waves from spherical particles forming the cluster can be used to find the position and near field amplitude of the surface modes of the nanoparticle clusters of any shape or size. The larger enhancements are found only if the molecule is either trapped in the junction or lies very close to it. The enhancement is very sensitive to the polarization direction of the incident and scattered photon.
One can obtain SERS enhancements up to 10 orders of magnitude and in a broad wave length region.
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